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, $N$ Dynamic Programming :
$S_{n}$ : , Banach . $(n=1,2, \ldots, N, N+1)$
$A_{n}$ : , Banach . $(n=1,2, \ldots , N)$
$A_{n}(s_{n})\subset A_{n}$ : $s_{n}\in S_{n}$ . $(n=1,2, \ldots, N)$
$r_{n}$ : $S_{n}\cross A_{n}arrow R+\cup\{+\infty\}(\equiv\overline{R}+)$ . $(n=1,2, \ldots, N)$
: $S_{N+1}arrow\overline{R}_{+}$ .
$T_{n}$ : $S_{n}\cross A_{n}arrow 2^{S_{n+1}}$ . $(n=1,2, \ldots, N)$
$s_{1}\in S_{1}$ , .
$(P)$
$\inf_{a_{1}}0_{S_{2}}\iota\inf_{a_{2}}o_{S_{3}}t\cdot\inf_{a_{Ns}}0_{N+1}$
$\sum r_{n}N$ , $a_{n})+k(s_{N+1})$
subject to $n=1\{\begin{array}{l}a_{n}\in A_{n}(s_{n}),n=1,2\ldots,N)s_{n+1}\in T_{n}(s_{n},a_{n}),n=12,\ldots,N)\end{array}$
. $\cdot$
, Opt , inf $\sup$ .
, $s_{1}\in S\iota$ (P) $v_{N}(s_{1})$ , $v_{N}(s_{1})= \sum_{n=1}^{N}r_{n}(\overline{s_{n}}, \overline{a_{n}})+$
$k(\overline{s_{N+1}})$ $\overline{a_{n}}\in A_{n}(\overline{s_{n}})(n=1,2, \ldots, N)$ , $\overline{s_{n+1}}\in T_{n}(\overline{s_{n}}, \overline{a_{n}})(n=1,2, \ldots, N-1)$
.
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, $n=1,2,$ $\ldots,$ $N+1$ , $f_{N-n}+1$ : $S_{n}arrow\overline{R}+$ ,
$f_{N-n+1}(s_{n})$ $=$ $\inf_{a_{n}\in A_{\mathfrak{n}}(s_{n})}\{r_{n}(s_{n}, a_{n})+s_{n+1}\in T_{\mathfrak{n}}(s_{n}a_{n})Opt,f_{N-n}(s_{n+1})\}$ , $s_{n}\in S_{n}$ , $n=1,2,$ $\ldots,$ $N$
$f_{0}(s_{N+1})$ $=$ $k(s_{N+1})$ , $s_{N+1}\in S_{N+1}$
, $f_{N}(s_{1})=.v_{N}(s_{1}),$ $\forall s_{1}\in S_{1}$ . $f_{N-n+1}$ , $(N-n+1)$ .
. $n$ . $s_{n}$ $a_{n}$ , $s_{n+1}$ $T_{n}(s_{n}, a_{n})$
.
2 . , ,
. , , ( Opt $= \inf$). ,
, ( Opt $= \sup$ ).
, Opt inf .
2 Opt inf
, Opt inf , , .
$(N-n+1)$ , .
$\varphi(f)(x)\equiv\inf_{y\in A(x)}\{r(x, y)+\beta\inf_{z\in T(xy)},f(z)\},$ $x\in X,$ $f\in\overline{R}_{+}^{Z}$
$\gamma.-\cdot$ . $S_{n}=X,$ $s_{n}=x,$ $S_{n+1}=Z,$ $s_{n+1}=z,$ $A_{n}=Y,$ $A_{n}(s_{n})=A(x),$ $a_{n}=y,$ $T_{n}=T,$ $f_{N-n}=f$ ,
$-f_{N-n+1}=\varphi(f),$ $\beta\in(0,1]$ .
, $\varphi^{*}:\overline{R}^{Z}+arrow\overline{R}^{X}+$ $\emptyset$ : . $f\in\overline{R}^{Z}+$ $|$ ,
$\varphi^{*}(f)(x)\equiv$ $\inf$ $\{[r(x, \cdot)+\delta_{A(x)}]^{*}(y^{*})+(\beta f)^{*}(z^{*})\}$
$(y.,z.)\in[GrT(x,\cdot)]+$
$\delta_{A(x)}(y)=\{\begin{array}{ll}0 y\in A(x);+\infty y\not\in A(x),\end{array}$








$z^{*} \}-\beta f(z)\}=\beta\sup_{z\in Z}\{\{z,$ $\frac{z^{*}}{\beta}\}-f(z)\}=\beta f^{*}(\frac{z^{*}}{\beta})$ .
Proposition 2.1 $\varphi(f)(x)<+\infty$ ,
$\varphi(f)(x)+\varphi^{*}(f)(x)\geq 0$
Proof. $y\in A(x),$ $z\in T(x, y),$ $(y^{*}, z^{*})\in[GrT(x, \cdot)|^{+}$ ,
$0$ $\leq$ $r(x, y)+\beta f(z)+((y, z),$ $(y^{*}, z^{*})\rangle-r(x, y)-\beta f(z)$
$=$ $r(x, y)+\beta f(z)+\{y, y^{*}\}-r(x, y)-\delta_{A(x)}+\{z, z^{*}\}-\beta f(z)$
$\leq$ $r(x, y)+\beta f(z)+[r(x, \cdot)+\delta_{A(x)}]^{*}(y^{*})+[\beta f(\cdot)]^{*}(z^{*})$




$(\theta_{Y}, \theta_{Z})\in intGrT(x, \cdot)-[domr(x, \cdot)\cap A(x)]\cross domf$
.
$(\theta_{Y}, \theta_{Z})\in GrT(x, \cdot)$ –int { $[domr(x,$ $\cdot)\cap A(x)]\cross$ dom$f$ }
,
$\varphi^{*}(f)(x)=[r(x, \cdot)^{\text{ }}+\delta_{A(x)}]^{*}(\overline{y^{*}})+(\beta f)^{*}(z^{*}\neg$
$(\overline{y^{*}},\overline{z^{*}})\in[GrT(x, \cdot)]^{+}$ .
Proof. , $\varphi(f)(x)<\infty$ . , Proposition 3.1 , $\varphi^{*}(f)(x)>-\infty$ . . $\varphi^{*}(f)(x)$
$=+\infty$ . $(y^{*}, z^{*})\in[GrT(x, \cdot)]^{+}$ $[r(x, \cdot)+\delta_{A(x)}|^{*}(y^{*})+(\beta f)^{*}(z^{*})=+\infty$
, $\varphi^{*}(f)(x)<+\infty$ . , $\varphi*$ (f)( , $n\in N$ ,
$[r(x, \cdot)+\delta_{A(x)}]^{*}(y_{n}^{*})+(\beta f)^{*}(z_{n}^{*})\leq\varphi^{*}(f)(x)+\frac{1}{n}$
$(y_{n}^{*}, z_{n}^{*})\in[GrT(x, \cdot)]^{+}$ . , $\{(y_{n}^{*}, z_{n}^{*})\}_{n=1}^{\infty}$ .
,
$\delta B_{Y}\cross\delta B_{Z}\subset GrT(x, \cdot)-[domr(x, \cdot)\cap A(x)]\cross$ dom$f$
$\delta>0$ . , $(u, v)\in B_{Y}\cross B_{Z}$ , $\delta u=y_{1}-y_{2},$ $\delta v=z_{1}-z_{2}$
$(y, z)\in[domr(x, \cdot)\cap A(x)]\cross$ dom$f,$ $(yz)\in GrT(x, \cdot)$ . , $n\in N$
,
$\delta\{(u, v),$ $(y_{n}^{*}, z_{n}^{*})\rangle$ $=$ $\{y_{1}-y2, y_{n}^{*}\}+(z_{1}-z_{2},$ $z_{n}^{*}\}$
$=$ $\{y_{1},y_{n}^{*}\rangle+\langle z_{1}, z_{n}^{*})-\langle y_{2}, y_{n}^{*}\}-\{z_{2)}z_{n}^{*}\}$
$=$ $\langle y_{1},$ $y_{n}^{*}\}-[r(x, \cdot)+\delta_{A(x)}](y_{1})+\{z_{1},$ $z_{n}^{*}\rangle-\beta f(z_{1})-\{y_{2},y_{n}^{*}\}-\{z_{2}, z_{n}^{*}\}$
$+[r(x, \cdot)+\delta_{A(x)}](y_{1})+\beta f(z_{1})$
$\leq$ [r(x, ) $+\delta$A(x)r( ) $+$ [$\beta$f] $*$ (zn$*$ )-{ $(y2, z_{2}),(y_{n}^{*}, z_{n}^{*})\rangle$
$+[r(x, \cdot)+\delta_{A(x)}](y_{1})+\beta f(z_{1})$
$\leq$ $[r(x, \cdot)+\delta_{A(x)}]^{*}(y_{n}^{*})+[\beta f]^{*}(z_{n}^{*})+[r(x, \cdot)+\delta_{A(x)}](y1)+\beta f(z_{1})$
{[r(x, $\cdot$ ) $+\delta$A(x)] $*$ (yn$*$ ) $+$ ( $\beta$f) $*$ (zn$*$ )} l , $\varphi*$ (f)( ,
$n$ . , , $\{(y_{n}^{*}, z_{n}^{*})\}_{n=1}^{\infty}$ .
Alaoglu , { ( $y_{n}^{*}$ , zn)} l . $\{(y_{n}^{*}, z_{n}^{*})\}_{n=1}^{\infty}$ ,
. $\{(y_{n}^{*},, z_{n}^{*},)\}$ , $(\overline{y^{*}},\overline{z^{*}})\in Y^{*}\cross Z^{*}$ , $[GrT(x, \cdot)]^{+}$
$Y^{*}\cross Z^{*}$ , $(\overline{y^{*}},z^{*}\neg\in[GrT(x, \cdot)]^{+}$ .
, $[r(x, \cdot)+\delta_{A(x)}]^{*},$ $(\beta f)^{*}$ $Y^{*},$ $Z^{*}$ ,
$[r(x,\cdot)+\delta_{A(x)}]^{*}(\overline{y^{*}})+(\beta f)^{*}(\overline{z^{*}})\leq lin$ $\{[r(x, )+\delta_{A(x)}]^{*}(y_{n’}^{*})+(\beta f)^{*}(z_{n}^{*},)\}$
$\leq$ $\{\varphi^{*}(f)(x)+\frac{1}{n}\}$
$=$ $\varphi*$ (f)(
, $\varphi^{*}(f)(x)\leq[r(x, \cdot)+\delta_{A(x)}]^{*}(\overline{y^{*}})+(\beta f)^{*}(\overline{z^{*}})$ , .
49
, $\varphi(f)(x)+\varphi^{*}(f)(x)=0$ . , $r(x, \cdot)\in\Gamma_{0}(Y),$ $f\in\Gamma_{0}(Z),$ $A$ (
closed convex set, $GrT(x, \cdot)$ closed convex cone , , Theorem 3.1
, $\varphi(f)(x)+\varphi^{*}(f)(x)=0$ . (cf. J.-P.Aubin[2]) , .
, $\Phi$ :dom$[r(x, \cdot)+\delta_{A(x)}|^{*}\cross$ dom$(\beta f)^{*}arrow R\cross 2^{Z}$ .
$\Phi(y^{*}, z^{*})\equiv([r(x, \cdot)+\delta_{A(x)}]^{*}(y^{*})+(\beta f)^{*}(z^{*}),$ $K(y^{*})-z^{*})$
, $K(y^{*})=\{z^{*}\in Z^{*}|(y^{*}, z^{*})\in[GrT(x, \cdot)|^{+}\}$ .





Proof. $(-\varphi(f)(x), \theta z\cdot)\in{\rm Im}\Phi+(R+\cross\{\theta z\cdot\})$ , $(-\varphi(f)(x), \theta z\cdot)\in([r(x, \cdot)+\delta_{A(x)}]^{*}(\overline{y^{*}})+$
$(\beta f)^{*}(z^{*}\neg,K(\overline{y^{*}})-z^{r}-)+(\overline{r}, \theta z\cdot)$ $(\overline{y^{*}},z^{*})-\in$ dom$[r(x, \cdot)+\delta_{A(x)}]^{*}\cross$ dom$(\beta f)^{*}$ .
, $-\varphi(f)(x)=[r(x, \cdot)+\delta_{A(x)}]^{*}(\overline{y^{*}})+(\beta f)^{*}(z^{*}\neg,$ $(\overline{y^{*}},z^{*}\neg\in[GrT(x, \cdot)]^{+}$ . ,




Corollary 2.1 $n$ Theorem 32 ,
$f_{N-n+1}(s_{n})=-\{[r_{n}(s_{n}, \cdot)+\delta_{A_{\mathfrak{n}}(s_{n})}]^{*}(\overline{y_{n}^{*}})+[\beta f_{N-n}]^{*}(\overline{z_{n}^{*}})\}$
$(\overline{y_{n}^{*}}, \overline{z_{n}^{*}})\in[GrT_{n}(s_{n}, \cdot)]^{+}$ .




Proof . Theorem32 .
$\varphi(f)(x)=r(x, \overline{y})+\beta f(\overline{z}),$ $\varphi^{*}(f)(x)=[r(x, \cdot)+\delta_{A(x)}]^{*}(y\neg+(\beta f)^{*}(z^{*}\neg$
$(\overline{y},\overline{z})\in GrT(x, \cdot),$ $(\overline{y^{*}},z^{r}\neg\in[GrT(x, \cdot)]^{+}$ , ,
$0$ $=$ $\varphi(f)(x)+\varphi^{*}(f)(x)$
$=$ $r(x,\overline{y})+\beta f(\overline{z})+[r(x, \cdot)+\delta_{A(x)}]^{*}(\overline{y^{*}})+(\beta f)^{*}(z^{*}\neg$











subject to $\{\begin{array}{l}a_{n}\in A(s_{n}), n=1,2, \ldots s_{n+1}\in T(s_{n}, a_{n}), n=1,2, \ldots\end{array}$
,
$X$ : , Banach .
$Y$ : , Banach .
$A$ : $Xarrow 2^{Y}$ .
$r$ :X $\cross Yarrow\overline{R}+$ .
$T$ : $X\cross Yarrow 2^{X}$ .
$\beta$ : $(0<\beta<1)$
. $(Q)$ , $s_{1}\in X$ $v_{\infty}(s_{1})$ .
Theorem 2.3 $n=1,2,$ $\ldots$ , $\varphi^{n}(0)$ , Theorem 3.2 .
, {--yn$*$ } 1’ {--zn$*$ } 1 ,
$v_{\infty}(s_{1})= \lim_{narrow\infty}f_{n}(s_{1})$
. , $f_{n}\in\overline{R}_{+}^{X}$ .
$fo\equiv 0,$ $f_{n+1}$ (x) $\equiv$ -{[r(x, $\cdot$ ) $+\delta$A(x)] $*$ ( ) $+$ [$\beta$fn] $*$ ( )}
Proof. , $\lim_{narrow\infty}$ fn(x) $=$ v $\infty$ ( . , Theorem32 ,
.
, $B(X)\equiv$ { $f\in R^{X}|f$ X } , .
Theorem 2.4 $\varphi$ : $B(X)arrow B(X)$ , $x\in X$ ,
$||z||\leq||x||,$ $\forall z\in T(x, y),$ $\forall y\in A(x)$
. $\equiv 0,$ $f_{n+1}\equiv\varphi(f_{n})$ ,
$\lim_{narrow\infty}||v_{\infty}-g_{n}||_{\infty}=0$
. , $f,$ $g\in B(X)$ ,
$||f-g||_{k} \equiv\sup_{x\in kB}|f(x)-g(x)|$ ,
$||f-g||_{\infty} \equiv\sum_{k=1}^{\infty}\frac{1}{2^{k}}\frac{||f-g||_{k}}{1+||f-g||_{k}}$
.
Proof. , $(B(X), ||\cdot||_{\infty})$ Banach , .
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. $0<\beta<1$ . Banach-Picard , $\varphi(f)=f$ $f\in B(X)$ .








$\lim_{narrow\infty}f_{n}$ (x) $=$ f( )
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